Abstract -In the presence of space charge forces, synchrotron oscillations result in periodic modulation of the space charge tune shift, periodic crossing of betatron resonances, and particle trapping in resonance islands. The trapping effect for one-dimensional resonance is considered using classical perturbation theory and the "frozen core" approach to calculation of space charge forces. The beam losses and emittance growth are analyzed for arbitrary order resonance; the numerical results are given for the third-order resonance.
INTRODUCTION
Let us consider particle dynamics in circular accelerators and storage rings in the presence of space charge fields and external perturbations creating onedimensional betatron resonance. A numerical modeling for the third-order resonance [1] has shown that due to interaction of these effects the particles may be trapped into stable islands.
Assuming that the main part of the beam is unperturbed, we can use for analytic studies the so-called "frozen core" model [2] . A theory of particle motion near the isolated nonlinear resonance is developed in [3, 4] using the canonical "action-phase" variables J , φ ; the specifics of our effect are related to the special form of the nonlinear tune dependence.
In bunched beams, the space charge linear density (and consequently the "instantaneous" space charge shift) depends on the longitudinal coordinate of the particle inside the bunch; therefore, for some values of an unperturbed betatron tune, the betatron resonance is crossed periodically due to the synchrotron oscillations.
Perturbation theory shows that in the presence of a nonlinear tune dependence, the particles captured in the stationary separatrix oscillate around its center. For narrow nonlinear resonance these oscillations are characterized by the following parameters: (1) J 0 (value of action corresponding to the separatrix center); (2) Ω s (frequency of the particle linear oscillations around the separatrix center); (3) ∆ J s (the separatrix width). If the motion is nonstationary, the particles cross the resonance line. A character of the process depends on the adiabaticity parameter K ad = , where δ J s is a shift of J 0 during the period of the particle oscillations around the separatrix center. This process has been examined by A. Chao [5] for the particular case of the fifth-order one-dimensional resonance. An estimate of the "trapping efficiency" is made under the assumption that all particles with K ad ≤ 1 are trapped and all particles with K ad > 1 are not trapped. Here we use same criterion and assume that all particles crossing the resonance have K ad ≤ 1 (adiabatic model) and, consequently, are captured in the nonlinear separatrix. For generalization, we consider a resonance of an arbitrary order; the numerical results are applied to the third-order resonance. Let us remark that the adiabatic model gives only the "upper limit" for the losses; nevertheless, it can be useful due to its simplicity and common theory or arbitrary order resonances.
PARAMETERS OF STABLE ISLANDS
Initial Assumptions Let us assume that transverse motion in a horizontal plane ( y = 0) is defined by the following equation:
(1)
In Eq. (1), x is the transverse coordinate of the particle, z is the particle distance from the center of the bunch, independent variable s is the length along the ring circumferences, Q 0 is the unperturbed betatron tune, e is the electron charge, m p is the proton mass, β , γ are relativistic parameters, Z i and A i are, respectively, charge and atomic numbers of a circulating particle, E ( x ) is the beam electrical field at the bunch center in the rest system, δ ( s ) is the delta-function, and a n is the amplitude of the nonlinear lens. Here we consider an axisymmetric Gaussian beam with space charge density ρ ( x , y , z ) proportional to . In Eq.
(1), σ x , σ y , σ z are corresponding rms beam sizes ( σ x = σ y ), σ i = ( ε i are rms emittances, β i are the corresponding beta-functions).
In [1], the third-order resonance ( n = 3) is considered. For numerical analysis, parameters of the SIS-18 synchrotron were taken: machine radius R = 34.4 m, horizontal synchrotron tune Q 0 = 4.3, and σ x = 0.01 m. For a round Gaussian beam, the space charge force on the right-hand (RHS) side of Eq. (1) is (2) Perveance K is related to linear Coulomb shift by the following formula: K = (2 Q 0 -).
For SIS-18, we obtain the resonance width g ~ 10 -4 . Let us remark that in the following text, we use normalized dimensionless invariant J = ε / ε 0 .
Hamiltonian and Equations of Motion
The value of the nonlinear space charge tune shift ∆ Q sc due to beam-beam interaction was derived in [4] . Generalizing this formula for one beam space charge interaction, we find that ∆ Q sc = Φ sc ( J ), where they function
Here I 0 (x) is the modified Bessel function of zeroth order. Using perturbation theory, we can write the onedimensional Hamiltonian in variables J, φ (actionphase) for arbitrary resonance order n (taking into account only the third order of external nonlinearity) in the following form:
Here as an independent variable we use "slow angle" θ = gs/R; all parameters are divided by the resonance strength g,
The canonical equations of motion are (5) The phase space topology depends on four parameters: two dimensionless tune shifts ∆ν 0 , , the octupole nonlinear coefficient K, and order of the resonance n. Stationary points are defined by the following equa- 
The stable fixed point J 0 is defined by a solution of the nonlinear equation ∆ν 2 (J) = 0. The separatrix parameters can be found by standard procedure [3, 4] using Eqs. We see that the value of the invariant for the island cen- 
